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We show that, in general, graph embeddability in pseudosurfaces cannot be 
characterized by means of a finite set of forbidden ( =irreducible) graphs. 0 1992 
Academic Press. Inc. 
1. INTRODUCTION 
In [S], Robertson and Seymour proved a Kuratowski-type theorem for 
general surfaces. The aim of our note is to pursue the question of 
extendability of their result to pseudosurfaces. 
By a pseudosurface we shall understand a connected topological space 
resulting when finitely many identifications, of finitely many points each, 
are made on a collection of closed surfaces. Any point obtained by such an 
identification will be called a singular point. If G is a graph ( =linite 
l-complex) and S a surface or a pseudosurface, G is said to be embeddable 
in S if there is a continuous mapping j: G + S which maps G 
homeomorphically onto its image j(G). 
A graph will be called S-minimal if G is not embeddable in S but every 
proper subgraph of G is. For a given (pseudo)surface S let M(S) denote the 
family of all S-minimal graphs without 2-valent vertices. The set M(S) is 
sometimes called the set of forbidden graphs for S, or the set of irreducible 
graphs for S. 
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As a consequence of a very general result of [S], the set M(S) is finite 
for every closed surface S; constructive proofs of this theorem were 
independently given by Archdeacon and Huneke [2] (the nonorientable 
case) and by Bodendiek and Wagner [3] (the orientable case). It is 
therefore natural to ask whether the same is true for pseudosurfaces in 
general. The answer is affirmative for pseudosurfaces containing exactly 
one singular point (cf. also [3]). To see this it is sufficient to realize that, 
for any such pseudosurface S, the set of all graphs embeddable in S is 
minor-closed; the rest is a consequence of Robertson-Seymour theory. 
However, the situation becomes more interesting if S is allowed to have 
two or more singular points. One has to be careful about finiteness 
statements on M(S) in this case because the set of graphs embeddable in 
S need not be minor-closed anymore [4]. The simplest example of such a 
pseudosurface with 2 singular points seems to be B,, the 2-amalgamation 
of two spheres. 
The purpose of this note is to prove that the set M(B,) of forbidden 
subgraphs for B, is infinite. Thus, surprisingly enough, the Kuratowski 
theorem of [S] does not extend to pseudosurfaces even if they have a very 
simple structure. 
2. THE RESULT 
As indicated before, the pseudosurface B, is obtained from two disjoint 
spheres So and Sb with points u # u E So and u’ # v’ E S0 by identifying u 
with u’ and v with v’. 
We start with an auxiliary result (cf. also [4]). 
LEMMA 1. Let G be a 3-connected graph for which the following two 
conditions hold: 
(i) For every edge in G the graph G-e is not planar. 
(ii) For every edge e in G there is an edge f in G such that G-e-f is 
planar. 
Then G is B,-minimal. 
Proof. First, we show that G is not B,-embeddable. If G were embeddable 
in B, then in every such embedding at most one edge of G would be inserted 
in one of the spheres forming B, (because of 3-connectivity of G). But G 
without this edge would be planar, a contradiction. 
Now, let e be any edge in G. Since (ii) is true, there exists an edge f such 
that G-e-f is planar and, therefore, the graph G-e is B,-embeddable. The 
proof of Lemma 1 is complete. i 
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FIGURE 1 
Now we are ready to give an example of an infinite class of graphs which 
belong to M(B,). Consider the class of graphs H, depicted in Fig. 1 (where 
the vertices u,, and u0 are identified with u, and u,, respectively). 
THEOREM 2. rf n 2 3 then H, E M( B2). 
Proof. It is easy to check that the graph H, is 3-connected. It is also 
clear that for every edge e in H, the graph H,-e contains a subgraph 
homeomorphic to K3,3 which implies (i) to be true for H,. Taking into 
account the symmetry, there are only two kinds of edges in H, (in Fig. 1 
denoted as h, , h2). Since H,-h, -A, is planar, (ii) is fulfilled for H,, too. 
Now we can apply Lemma 1 and conclude that the graph H, is B,-minimal. 
Theorem 2 follows. 1 
REMARKS 
We saw that embeddability in the pseudosurface B2 cannot be charac- 
terized by means of a finite set of forbidden ( =irreducible) graphs. 
Nevertheless, the number of B,-minimal graphs of connectivity at most 2 
is still finite, as was proved in [4]: 
THEOREM 3. There are exactly 84 BZ-minimal graphs of connectivity < 2. 
In the course of investigating irreducible graphs for nonorientable 
surfaces, cubic graphs played an important role [ 11. Namely, establishing 
the finiteness of the set of cubic irreducible graphs in the nonorientable case 
was the first step towards solving the problem in general. One might therefore 
ask whether the number of cubic B,-minimal graphs is finite or not. 
However, it is an easy consequence of [S] that the set of cubic S-minimal 
graphs is finite for any surface or pseudosurface S (and hence for B,). 
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